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Kant on Intuition in Geometry'

EMILY CARSON
McGill University
Montreal, PQ

Canada H3A 2T7

It's well-known that Kant believed that intuition was central to an
account of mathematical knowledge. What that role is and how Kant
argues for it are, however, still open to debate. There are, broadly
speaking, two tendencies in interpreting Kant’s account of intuition in
mathematics, each emphasizing different aspects of Kant’s general doc-
trine of intuition. On one view, most recently put forward by Michael
Friedman,’ this central role for intuition is a direct result of the limitations
of the syllogistic logic available to Kant. On this view, Kant’s reasons for
introducing intuition are taken to be logical or mathematical, rather than

1 Al references to Kant's writings, except references to the Critigue of Pure Reason, are
given by volume and page number of the Akademie edition of Kant's gesammelte
Schriften, Georg Reimer, 1900-; the Critigue of Pure Reason is cited by the standard A
and B pagination of the first (1781) and second {1787) editions respectively. Except
where noted, the translations are from the following editions:

Immanuel Kant's Critique of Pure Repson, Norman Kemp Smith, trans. (London:
MacMillan 1986).

Kant: Theoretical Philosophy 1755-1790, David Walford in collaboration with Ralf
Meerbote, ed. and trans. (Cambridge: Cambridge University Press 1992}.

Kant: Lectures on Logic, ]. Michael Young, ed. and trans. (Cambridge: Cambridge
University Press 1992).

‘On a Discovery According to Which Any New Critique of Pure Reascon has been
made Superfluous by an Earlier One,” Henry Allison, trans., in The Kant-Eberhard
Controversy (Baltimore and London: Johns Hopkins University Press 1973).
Prolegomena to any Future Metaphysics, James W. Ellington, trans., in Immanuel Kant:
Phitosophy of Material Nature (Indianapolis: Hackett 1977).

2 Kant and the Exact Sciences (Cambridge, MA: Harvard University Press 1992), chs. 1
and 2.
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philosophical. The other tendency, which I shall try to develop here,
emphasizes an epistemological or phenomenological role for intuition
in mathematics arising out of what may loosely be called Kant's “anti-
formalism.’

This paper, which focuses specifically on the case of geometry, falls
into two parts. First, I consider Kant’s discussion of intuition in the
Metaphysical Exposition of the concept of space. The goal is fo show that
there are elements of this discussion for which Friedman’s reading
cannot account, and to set out an alternative reading which does account
for them. In the second part, [ attempt to make clear what the philosophi-
cal — as opposed to logical — role for Kant's notion of intuition is in his
account of our knowledge of geometry.

My goals in this paper are quite modest: I don’t intend to defend Kant’s
philosophy of geometry, nor do I attempt to give a complete account of
how Kant’s notion of construction in pure intuition is suppoesed to fill the
role that Kant saw for it. [ do, however, wish to suggest some ways in
which Kant was dealing with issues which are of importance to philoso-
phers of mathematics independently of the limits of the logic and geome-
try of his time.

I Infinity and Polyadic Quantification

One of Kant’s reasons for taking geometry as a paradigmatic body of
synthetic a priori knowledge is that geometrical reasoning cannot pro-
ceed ‘analytically from concepts.” Rather, the geometer proceeds by
constructing concepts in pure intuition. As Friedman puts it, for Kant,
the postulates and definitions of Fuclidian geometry do not entail the
theorems by logic alone. For example, the Euclidian proof that an equi-
lateral triangle can be constructed from any given line segment requires
the existence of a point of intersection of two constructed circles. But
Euclid’s system does not guarantee the existence of such a point; there
are models of the axioms in which such a point does not exist. One thing
that is lacking is a continuity axiom, the formulation of which requires
polyadic quantification. Although Euclid’s second postulate states that
straight line segments are produced ‘continuously,’ this is not sufficient
to carry out the proof by merely logical means since this postulate could
not, in Kant’s time, be logically analyzed.

According to Friedman, Kant’s appeal to intuition is primarily the
result of this limitation of his monadic logic. For Kant only the indefinite
iterability of constructive processes, such as bisecting a line, can guaran-
tee the existence of the infinitely many points required for the denseness
of line segments; only appeal to the motion of a point guarantees the
existence of the limit points required for true continuity. The general
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problem is the inability of Kant’s monadic logic to deal with infinity.
Only by means of quantifier dependence over relations can the existence
of an infinity of objects be deduced explicitly by logic alone. As Friedman
explains, the modern approach to geometry proceeds by means of an
axiomatized theory of dense linear order without endpoints, where the
denseness condition is expressed by the axiom VaVb3c (a <b - (@ <c <
b)). Because of the limited expressive power of the monadic logic at his
disposal, however, Kant cannot ‘represent or capture the idea of infinity
formally or conceptually’ but only ‘intuitively — by an iterative process
of spatial construction” (Friedman, 63). Pure intuition gives a method —
the iteration of intuitive constructions — for doing the work of the
existential quantifiers in formulas expressing the property of denseness.
Whereas in modern axiomatic treatments, such a formula ‘guarantees’
the existence of a point between any point 2 and any point b, for Kant,
the existence of such a point is guaranteed by a fact about our intuitive
capacities, i.e,, the fact that we can bisect any given line segment, thereby
actually constructing the required point. Friedman seems to suggest that
this is why Kant views the truths of geometry as synthetic rather than
analytic: with reference to the procedure of generating new points by the
iterative application of constructive functions, he says that

Since the methods involved go far beyond the essentially monadic logic available to
Kant, he views the inferences in question as synthetic rather than analytic. (Fried-
man, 65, my emphasis)

But isit merely the syntheticity of the inferences of geometry that accounts
for the syntheticity of the truths of geometry? Does Kant’s claim that the
truths of geometry are grounded in pure intuition therefore result from
the limitations of monadic logic? I shall argue that it is not merely or even
primarily the syntheticity of inferences in geometry that interests Kant.

II  Infinity and Intuition in the
Metaphysical Exposition

While Friedman'’s analysis of this inadequacy of monadic logic is by now
both familiar and uncontroversial, the suggestion that Kant brings in
pure intuition solely to fill this gap is not. In the Metaphysical Exposition
of the concept of space of the Critigue of Pure Reason (A22/B37ff}, Kant
gives an argument — purportedly independent of geometrical concerns
— for the claim that the representation of space as an infinite given
magnitude must be intuitive since a general concept of space is inade-
quate for such a representation. (This of course assumes Kant’s exhaus-
tive division of representations into concepts and intuitions.) Kant’s
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explicit claim here is not merely that features of our representation of
space cannot be captured formally for the purposes of rigorous geomet-
rical proof, but that space cannot be first given conceptually: rather all
concepts of space are derived from the original intuitive representation.
This suggests that the argument for the intuitive nature of our repre-
sentation of space is independent of any geometrical concerns, and thus
independent of the inferential role for intuition in geometry. The syn-
theticity of geometry, as the science of space, would then follow straight-
forwardly from the intuitive nature of our representation of space
regardless of the inferential role for intuition. But Friedman attempts to
circumvent this reading by showing that Kant’s argument for the inade-
quacy of the general concept for the representation of space also depends
at bottom on the limitations of monadic logic.

To establish this connection, Friedman focuses on the passage at B40
of the Transcendental Aesthetic, which concludes the argument that the
original representation of space is an a priori intuition, and not a concept.
Here Kant describes two features of concepts which are supposed to
explain why the representation of space cannot be a concept. First, every
concept is a representation which is ‘contained in an infinite number of
different possible representations’ and which therefore contains these
representations under itself. But second, no concept ‘contains an infinite
number of representations within itself.” Thus, since space is a repre-
sentation containing an infinite number of representations within itself
(i.e., ‘all the parts of space coexist ad infinitum’), it must be an intuition.

The key question, according to Friedman, is why Kant thinks that a
concept cannot ‘contain an infinite number of representations within
itself.” Before we can answer this, we have to consider what Kant means
by a concept containing representations within itself, as opposed to under
itself. He explains this in his lectures on logic. A concept contains under
itself those concepts which are obtained from it by adding differentia.
For example, the concepts ‘plant,’ ‘oak tree,” and ‘chestnut’ are contained
under the concept ‘body.” On the other hand, a concept contains within
itself those concepts which are component parts of its definition: for
example, the concept ‘oak tree’ contains the concepts ‘plant’ and ‘body .’
These are the concepts contained within the original concept. This should
help to clarify the claim we are concerned with here. A concept may
contain under itself infinitely many concepts in that an indefinite num-
ber of differentia may be added to it. According to Kant:

The conceptus infimus cannot be determined. For as soon as [ have a concept that 1
apply to individua, it would still be possible for there to be still smaller differences
among the individua, although I make no further distinction. (Ak.24:911)
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Any given concept, on the other hand, can contain within itself only
finitely many concepts because, according to Friedman, a finite mind
could never grasp infinitely many concepts.” Intuitions, however, are
different. They are divided by the introduction of limitations, which can
proceed without limit. What Kant calls the ‘limitlessness of the progres-
sion of intuition’ is supposed to allow an intuitive representation to
contain within itself an infinite number of representations (A40). It thus
follows that since our representation of space contains within itself an
infinite number of representations, it must be an intuition.

This argument for the claim that the original representation of space
is not a concept then depends on facts about the logical structure of
concepts and intuitions. We can begin to see how Friedman might argue
that these facts are artifacts of Kant’s limited logical resources. The
important fact here is the inability of concepts to contain infinitely many
representations within themselves. How is this connected to the limita-
tions of monadic logic? Friedman takes the problem here to be that
concepts ‘cannot be conceived as the conjunction of an infinite number
of constituent concepts’ (Friedman, 67). These constituent concepts are
given by monadic predicates. But given k monadic predicates, we can only
distinguish 2k distinct types of objects (objects that are Py & P; &...& Py,
objects that are not-P; & P; &...& Py, objects that are Py & not-P; &...&
Py, etc.) It is for this reason that no concept can represent an infinity of
objects. Polyadic quantification, however, allows us to overcome Kant’s
restriction on concepts: by allowing us to bypass infinite conjunction, it
allows finite intellects to grasp infinitely many representations in one
concept and thus to ‘describe’ infinitely many objects by presenting
formulas with only infinite models. Just as polyadic logic enables us, by
means of the ancestral relation, to give an abstract characterization of the
series of natural numbers, it seems to pave the way for a conceptual
representation of space as an infinite magnitude by means of a theory of
dense linear order, for example. This, of course, brings up the question
of the nature of the infinity of space, to which we shall return below.

But now let’s consider the role that this general fact about the way that
concepts involve infinity plays in Kant’s overall argument about space.

3 Asananonymous referee pointed out, this is not Kant's argument for the claim that
a concept can contain within itself only finitely many concepts. He argues rather
that it is because there is a highest genus (Ak.9:59), that is, the concept of an object
{Ak.24:755) or something (Ak.24:911), which we can arrive at it in a finite number of
steps by omitting everything (ibid.). But it doesn’t seem to follow from the existence
of a highest genus that we can arrive at it in a finite number of steps without some
additiona) assumption about the finiteness of our minds.
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What Friedman has done so far is to recast the argument at B40, which
emphasizes the infinite nature of our representation of space, in order to
argue that the inference from that feature of space to the intuitive nature
of our representation of it depends on the limitations of monadic logic.
But of course, this is not Kant's only argument here. Prior to the passage
at B40, he also argues that space must be a pure intuition (rather than a
discursive concept) because (a) it is a singular individual, and (b) the
parts cannot precede the singular space as its constituents. This argu-
ment appears to be independent of considerations about infinity, but
Friedman nonetheless recasts it in such a way that it too depends on the
limitations of monadic logic. I want to turn to this argument now.

Kant’s presentation of this first argument at B39 begins with the
assertion that different spaces are only parts of one unique space, and
these parts cannot precede the whole, but ‘can be thought only as in it.”
Thus space cannot be a general concept because, first, the relation
between particular spaces and the individual space is one of parts to
whole, and not of instances to concept; and secondly, one cannot arrive
at the singular individual space by assembling all the instances of the
general concept. On the contrary, particular spaces are arrived at only
by means of ‘limitation” of the individual space, and thus the general
concept of which particular spaces are instances is obtained only after the
introduction of limitations. As Kant puts it, ‘space is essentially one; the
manifold in it, and therefore the general concept of spaces, depends
solely on limitations.” Thus an intuition of the singular individual space
must underlie the general concept of space.

Kant’s argument here turns on the claim that the parts of space are
obtained only by an intuitive procedure of limitation. Exactly why can’t
we take the parts of space to be given as instances of the concept ‘x is a
space’? At this point, Friedman thinks that considerations about the
infinity of our representation of space resurface. In answer to the ques-
tion why intuition must play an essential role in our knowledge of
geometry, he says:

what is required for establishing the intuitive character of cur representation of
space is not simply the fact that space consists of parts, but rather — as geometry
demonstrates — the fact that it consists of an infinite number of parts. (Friedman, 70)

According to Friedman, the reason Kant must appeal to an intuitive
procedure of introducing limitations is that, as the argument at B40 goes
on to show, this is the only way he can account for infinite divisibility,
since ‘no mere monadic concept can possibly capture this essential
feature of our representation of space’ (ibid.), whereas the unbounded
iterability of the intuitive act of limitation presumably does capture this
feature. Moreover, it is for this reason that Kant asserts the singularity
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of space: only a singular individual is divided by the introduction of
limitations. Thus the intuition of the singular individual space must be
prior to the general concept.

But as we've seen from Friedman’s analysis of B40, on this view the
fact that no concept can capture the infinite nature of space is simply an
artifact of Kant’s logic. The relation between the parts of space and space
could be represented, according to Friedman, as we can now represent
the relation between points and a line by a polyadic theory of dense linear
order. Taking points as primitive, we view the axioms as a ‘conceptual
representation’ of the line with the variables ranging over points: an
individual line can then be viewed as composed of infinitely many
points. Similarly, we could view space as composed of the infinitely
many parts of space taken as instances of the concept “x is a space,” and
thus, in Kant’s words, ‘preceding the single space as its constituents.’ The
intuitive procedure of introducing limitations need not be appealed to
in order to exhibit the infinite divisibility of space.

Crucial to Friedman’s argument here is the assertion that ‘Kant’s claim
of priority for the singular intuition space rests on our knowledge of
geometry’ (ibid.). As we have just seen, Friedman in effect collapses the
third and fourth arguments of the B edition of the Aesthetic. He wants
to say that the reason that Kant insists on the claim in the third argument
that the parts of space are introduced only by limitation, is that, because
of the structural features of concepts described in the fourth argument,
only an intuitive representation can contain in it an infinite number of
representations, as our representation of space must do in order to
account for the infinite divisibility as revealed to us by geometry. Indeed,
it is the unbounded iterability of specified constructive procedures
underlying the proof-procedure of Euclidian geometry which ‘makes the
idea of infinity, and therefore all “general concepts of space,” possible’
(Friedman, 71). The infinity of space is, for Friedman’s Kant, simply a
formal feature of geometry.

Three considerations cast suspicion on this reading of the Metaphysi-
cal Exposition.

First of all, Kant presents the third argument as independent of con-
siderations of infinity, and indeed as independent of the fourth argu-
ment.

Second, by basing both arguments on the infinite divisibility revealed
by geometry, Friedman goes against Kant’s explicit assertion in the
Prolegomena §4 that in the Critique, he is pursuing the ‘synthetic method’
whichis ‘based on no data except reason itself, and which therefore seeks,
without resting upon any fact, to unfold knowledge from its original
germs.” This is opposed to the analytic method followed in the Prolegom-
ena, which rests upon something ‘already known as trustworthy,” that is,
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mathematics and natural science, from which we ‘ascend to the only
conditions under which it is possible.’

Third, and more specifically, Friedman'’s reconstruction doesn’t seem
to respect the similar distinction within the Crifigue between the Tran-
scendental and the Metaphysical Expositions, where the former pro-
ceeds by considering what must be the case in order for our knowledge
of geometry to be possible, whereas the latter considers ‘that which
exhibits the concept as given a priori’ (A23/B38), as a condition of the
possibility of experience.’

These considerations are, of course, not decisive, not least because it's
not completely clear how to understand these latter two distinctions. 1
will try in what follows to present an alternative reading of the Meta-
physical Exposition, which in turn may shed some light on how Kant
understands these distinctions. Whatis atissue here, 1 think, is what Kant
takes as data for the argument of the Metaphysical Exposition. Fried-
man’s reconstruction of the argument begins from the premise — taken
from geometry —that space is infinitely divisible and proceeds by means
of the necessary appeal to the procedure of limitation to the conclusion
that space is singular. I want to suggest that the order of explanation is
roughly the reverse: because space is singular, it is divisible only by
limitation, and it follows from this that it is infinitely divisible. I will
argue that Kant does not claim that the unlimited progression of intuition
allows us to capture the antecedently-given infinity of geometrical space,
but rather that it is that in virtue of which geometrical space is infinite.”
So whereas Friedman takes the essential feature of space underlying the
arguments of the Metaphysical Exposition to be infinite divisibility as
revealed by geometry, | want to suggest rather that the essential feature
is the uniqueness and boundlessness of space as a condition for the
possibility of experience, from which the infinity of geometrical space is
supposed to follow. This is a claim about the space of experience, how
space is given to us independently of and indeed prior to geometry, and
it is this experience which serves as data for Kant’s synthetic method.

4 Friedman’s disregard of these two distinctions reflects his attempt, which [ men-
tioned earlier, to show that Kant's reasens for introducing intuition were primarily
mathematical, and not philosophical.

5 For this reason, it strikes me as somewhat misleading to talk, as Friedman does, of
‘capturing’ the infinite divisibility of space, as this suggests that the feature is
available to us independently of the means of capturing it, i.e., the representation
of space. It's not clear to me that Kant would accept this, and indeed, this may be at
the heart of the matter, as we shall see below.
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What is at issue here is whether the Metaphysical Exposition consti-
tutes some kind of justification or foundation for geometry. I want to
suggest that Kant distinguishes the metaphysical treatment of space
from the geometrical treatment of space, and that the former is prior to
the latter, and in fact grounds it. This comes out clearly, I think, in the
following passage from Kant's discussion from 1790 of Kastner’s trea-
tises, where he distinguishes these two treatments of space (Ak.20:419-
20). The task of metaphysics, he says, is to show ‘how one has the
representation of space’; here, space is considered ‘as it is given, before
all determinations.” Geometry, however, ‘teaches how one describes a
space, i.e., can present it a priori in a representation’; here, space is
considered ‘as itis generated [gemacht].” Moreover, in metaphysics, space
is ‘original and only one (single} space’; in geometry, it is derived and there
are (many) spaces.” The point then, is that the generation of geometrical
spaces presupposes a metaphysical space in which they are generated.
Kant continues:

The geometrician, however, in agreement with the metaphysician, and as a conse-
quence of the fundamental representation of space, must confess that these spaces
can only be thought as parts of the one original space.

Whereas on Friedman'’s reading, the infinity of space even in the Meta-
physical Exposition rests on the indefinite iterability of Euclidian opera-
tions — in the same way that the infinity of the natural numbers rests on
‘our capacity successively to iterate any given operation” (Friedman, 126)
—Kant is quite clear here that this is not the case. The infinite given space
described in the Metaphysical Exposition is not constructed by the
iteration of Euclidian operations; on the contrary, the iteration of those
operations presupposes the infinite given space of the Exposition:

For the representation of space (together with that of time) has a peculiarity found
in no other concept; viz., that all spaces are only possible and thinkable as parts of
one single space, so that the representation of parts already presupposes that of the
whole. Now, if the geometer says that a straight line, no matter how far it has been
extended, can still be extended further, this does not mean the same as what is said
in arithmetic concerning numbers, viz., that they can be continuously and endlessly
increased through the addition of other units or numbers. In that case the numbers
to be added and the magnitudes generated through this addition are possible for
themselves, without having to beleng, together with the previous ones, as parts of a
magnitude. To say, however, that a straight line can be continued infinitely means
that the space in which 1 describe the line is greater than any line which I might describe in
it. Thus the geometrician expressly grounds the possibility of his task of infinitely
increasing a space (of which there are many) on the original representation of a
single, infinite, subjectively given space. This agrees very well with the fact that the
geometrical and objectively given space is always finite. For it is only given in so far
as it is generated. To say, however, that the metaphysical, i.e., original, but merely
subjectively given space, which (because there is not a plurality of them) cannot be
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brought under any concept capabie of construction, but which still contains the
ground of the possibility of all geometrical concepts, is infinite, means only that it
consists in the pure form of the mode of sensible representation of the subject, as an
a priori intuition, and therefore as a singular representation, in which the possibility
of all space, proceeding to infinity, is given.®

There are two important points to emphasize from this passage at this
point. First, the possibility of geometrical construction is grounded in
metaphysical space; the geometrical properties of space are therefore
dependent on, derived from, the original representation of space, not, as
Friedman would have it, the other way around. As Kant says, the
geometer ‘grounds the possibility of his task’ on the original repre-
sentation of space. It is therefore not the case that Kant can only represent
the idea of infinity ‘by an iterative process of spatial construction’
{(Friedman, 63). However far we extend the line by this process, there is
more space into which the line could be extended further; the infinite
extendibility of the line by this process depends on this latter fact. This
suggests, second, that Kant has independent grounds for asserting the
infinity and singularity of this original representation, in particular since
‘geometrical space is always finite.” In other words, geometry does not
— indeed, cannot — provide the data for Kant’s argument in the Meta-
physical Exposition: rather, the metaphysician considers space ‘as it is
given, before all determinations.’

What then are Kant’s grounds for asserting the infinity and singularity
of space? What does he mean by space “as it is given'? Kant provides
some indication of an answer in the passage we have just been looking
at. With respect to the singularity of space, it is precisely the peculiarity
of the representation of space (and that of time) that ‘all spaces are only
possible and thinkable as parts of one single space.” For this reason, ‘the
representation of parts already presupposes that of the whole.” With
respect to the infinity of space, he says that ‘one can only view as infinite
a magnitude in comparison to which any specified similar {gleichartige]
magnitude is equal only to a part’ (Ak.20:419). This recalls Kant's argu-
ment for the intuitive nature of our representation of space in the
Transcendental Aesthetic, considered above, and in §15B of the Inaugu-
ral Dissertation:

The concept of space is a singular representation comprehending all things within itself,
not an abstract common notion containing them under itself. For what you speak of

6 Ak.20:419-21. Friedman himself cites this passage in this connection in an unpub-
lished paper entitled ‘Geometry, construction and intuition in Kant and his succes-
sors.”
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intuition to provide a model for Euclidian geometry. Of course, if one
demands that recognizing the possibility of non-Euclidian geometry
requires possessing a fully developed mathematical theory based on
inferences, then indeed, Kant's theory of geometrical proof forbids this
possibility because of the role of Euclidian construction in inference. But
the connection between pure intuition and objective reality does not
require such a reading. The claim is merely that it is in virtue of the form
of intuition that Euclidian geometry is true, and thus that concepts of
Euclidian figures can be constructed and concepts of non-Euclidian
figures, like the figure enclosed by two straight lines, cannot.
Friedman's second (related) objection is that there is no sense of
possibility corresponding to constructibility in pure intuition, and so it
can’t be the task of pure intuition to confer objective reality on certain
logically possible concepts. He bases this objection on Kant’s claim {at
A239/B298-9) that a pure intuition ‘can acquire its object, and therefore
objective validity, only through the empirical intuition of which it is the
mere form.” As examples, Kant considers the geometric principles that
space has three dimensions and that between two points there can be
only one straight line, which, he says, ‘would mean nothing were we not
always able to present their meaning in appearances, that is, in empirical
objects.” Friedman thus concludes that it is not construction in pure
intuition but rather empirical intuition that provides mathematical con-
cepts with objective reality, since pure intuition itself must look to
empirical intuition for its object and objective validity. So while construc-
tion in pure intuition gives us knowledge of objects ‘in regard to their
form,” it does not yet show the possibility of those objects: “whether there
can be things which must be intuited in this form is” as Kant says, ‘still
left undecided’ (B147}. To demonstrate that possibility requires showing

that space is a formal @ priori condition of cuter experiences, that the formative
synthesis through which we construct a triangle in imagination is precisely the same
as that which we exercise in the apprehension of an appearance, in making for
ourselves an empirical concept of it.... (A224/B271)

This is the notion of possibility which Kant elaborates in the Postulates
of Empirical Thought: what is possible is ‘that which agrees with the
formal conditions of experience, that is with the conditions of intuition
and of concepts” (A218/B265). Thus the demonstration of this kind of
possibility is, as Friedman points out, the task of transcendental philoso-
phy: it alone establishes the requisite supposition (stated at B147) that
‘there are things which allow of being presented to us only in accordance
with the form of that pure sensible intuition.’

But does this pose the problems for the view under consideration that
Friedman thinks it does? For one thing, it has to be reconciled with clear
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statements on Kant's part of a connection between construction of con-
cepts and their objective reality. For example, in a work from 1790, ‘On
adiscovery according to which any new critique of pure reason has been
rendered superfluous by an earlier one,” Kant addresses Eberhard’s
claim that mathematicians have ‘completed the delineation of entire
sciences without saying a single word about the reality of their object’
(Ak.8:190). To illustrate his point, Eberhard describes Apollonius as
having constructed the entire theory of conic sections without showing
how it can be applied, ‘despite the fact that the reality of the entire theory
rests on this’ (The Kant-Eberhard Controversy, 19). In his reply to this
alleged counterexample to his view, Kant describes Apollonius’ proce-
dure as follows:

Apollonius first constructs the concept of a cone, ie., he exhibits it a priori in
intuition {this is the first operation by means of which the geometer presents in
advance the objective reality of his concept). He cuts it according to a certain rule ...
and establishes a priori in intuition the attributes of the curved line produced by
this cut on the surface of the cone. Thus he extracts a concept of the relation in which
its ordinates stand to the parameter, which concept, in this case, the parabola, is
thereby given a priori in intuition. Consequently, the objective reality of this
concept, i.e., the possibility of the existence of a thing with these properties, can be
proven in no other way than by providing the corresponding intuition. (Ak.8:191)

Here Kant seems to deny explicitly that anything over and above the
construction of the concept in pure intuition (such as application of the
concept to an empirical object) is required to establish its objective
reality. How are these two positions to be reconciled? I now want to
sketch one possible way.

It is clear, as Friedman says, that for Kant, construction in pure
intuition alone does not establish the real possibility of objects corre-
sponding to mathematical concepts. I want to suggest instead that this
is achieved indirectly, by means of the argument of the Axioms of
Intuition. There, Kant establishes the principle of these axioms, which he
calls ‘the transcendental principle of the mathematics of appearances’
(A165/B206), that is, that all intuitions are extensive magnitudes. Having
shown already that all intuitions are in space and time, he argues now
that ‘they must be represented through the same synthesis whereby
space and time in general are determined’ (A162/B203). It follows from
this that ‘empirical intuition is possible only by means of the pure
intuition of space and of time.” In this way, then, transcendental philoso-
phy establishes that ‘what geometry asserts of pure intuition is therefore
undeniably valid of empirical intuition” (A165/B206): for any figure
constructed in pure intuition, there is therefore a possible empirical
object with those spatial properties. So pure intuition does give us knowl-
edge of objects ‘in regard to their form,” as Kant says (B147): it exhibits
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the properties that objects must have if they are to be in conformity with
the form of intuition. It is in this sense that construction is concerned with
possibility. It seems clear that the construction in pure intuition of a
triangle whose angles sum to 180 degrees reveals that such a figure is
possible in a sense in which a figure enclosed by two straight lines (i.e.,
a figure which is not so constructible) is not. This is not to say that the
constructed triangle itself has objective reality: construction does not
establish the real possibility of some kind of mathematical object. We
might say, rather, that the proof in the Axioms of Intuition establishes
that construction in pure intuition reveals the form of (really) possible
objects of empirical intuition, thus of objects of possible experience.

Thus mathematical concepts earn their objective reality derivatively:
in establishing that whatever geometry asserts of pure intuition is valid
of empirical intuition, the objective reality of geometrical concepts which
are constructible in pure intuition is thereby also established. As Kant
says at A733/B761: ‘the possibility of mathematics must itself be dem-
onstrated in transcendental philosophy.” In other words, once the tran-
scendental facts are given, and the objective validity of pure intuition is
established, we can see that construction in pure intuition in turn confers
objective reality on mathematical concepts. It is irrelevant whether or not
the mathematician alone provides the complete demonstration. Indeed,
there is thus a clear distinction between constructibility and existence:
mathematicians are not concerned with real existence at all, the way
philosophers are. As Thompson has put it existence questions within
mathematics are really questions of constructibility, and they are an-
swered by pure intuition. Questions of real existence are answered only
by empirical intuition. Mathematicians are still concerned with the
objective reality of their concepts though: only this ensures that mathe-
matics is not ‘a mere play of imagination’ (A239/B298).

There seems to be some textual support for something like this way of
locking at the question of possibility. Wherever Kant explains that
application to empirical intuition is required to establish the objective
validity of pure intuition, he attaches this as a condition on the role of
pure intuition, a condition which transcendental philosophy shows to
be met. For example, at A239-40/B299, Kant says that the principles and
constructions of geometry ‘would mean nothing were we not always
able to present their meaning ... in empirical objects.” The argument of
the Axioms of Intuition is sufficient to show that we are always able to

14 Manley Thompson, ‘Singular Terms and Intuitions in Kant’s Epistemology,” Review
of Metaphysics 26 (1972-3) 314-43
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present their meaning in empirical objects. Similarly, at A156 /B195, Kant
emphasizes that ‘even space and time ... would yet be without objective
validity, senseless and meaningless, if their necessary application to the
objects of experience were not established.” More explicitly, he continues:

Although we know @ priori in synthetic judgments a great deal regarding space in
general and the figures which productive imagination describes in it, and can obtain
such judgments without actually requiring any experience, yet even this knowledge
would be nothing but playing with a mere figment of the brain, were it nof that space
has to be regarded as a condition of the appearances which constitute the material
for outer experience. (A157/B196, my emphasis)

Kant seems here to be saying that we can obtain knowledge of geomet-
rical propositions — hence objectively valid true judgments — without
requiring any experience. The condition for the objective reality of the
concepts involved in these judgments therefore cannot be that their
objects be presented in empirical intuition; it is rather that space is the
condition of the appearances which constitute the material for outer
experience. That is, the condition for the objective reality of constructible
mathematical concepts is the objective validity of the concept of space.
That condition, again, is shown to be satisfied by transcendental philoso-
phy. Thus Kant concludes that the pure synthetic judgments of mathe-
matics relate ‘only mediately to possible experience, or rather, to the
possibility of experience; and upon that alone is founded the objective
validity of their synthesis’ (A157/B191). The relation is only mediate
because the ‘objective validity of their synthesis’ is established by the
constructibility of the concepts in pure intuition, and not by their being
given in empirical intuition. For this reason, ‘mathematical concepts are
not therefore, by themselves knowledge, except on the supposition that
there are things which allow of being presented to us only in accordance
with the form of that pure sensible intuition.” We can therefore conclude
that construction in pure intuition, given the results of transcendental
philosephy, establishes the real possibility of (empirical) objects corre-
sponding to the concepts. This is quite different from saying, as Fried-
man does, that the real possibility of, say, a triangle “depends entirely on
applied mathematics’ (Friedman, 102); more importantly, it does not
license his conclusion that ‘considerations of objective reality and real
possibility can therefore not themselves explain Kant’s doctrine of pure
intuition” (ibid.).

It is this role of construction in pure intuition as conferring objective
reality on mathematical concepts that reflects Kant’s anti-formalism. The
difference between this and Friedman's reading is that according to the
latter, geometry is constrained by pure intuition because only intuition
makes the representation of mathematical concepts possible. If a purely
conceptual representation were possible, it seems, there would be no



510 Emily Carson

such constraint. [ am suggesting that mathematics is constrained by pure
intuition because only that can provide its concepts with objective con-
tent, thereby ensuring that it is not a mere play of imagination. This
condition would remain even if a purely conceptual representation of
mathematical concepts of the kind which Friedman seems to envisage
were possible.

This is not to deny that intuition does play the inferential role that
Friedman describes. As Friedman has shown, it must be called on to
guarantee that we can indeed perform the steps of the constructions
involved in Euclidian proofs (for example, extending the line segment
by the second Euclidian postulate), that is, to perform the role that
existence assumptions play in the kind of axiomatization unavailable to
Kant. But to understand whal this means we have to ask what it can mean
to guarantee that we can perform these steps. It is not enough merely to
guarantee that the step is in accordance with the postulates, but the
postulates themselves have to be ‘guaranteed.” [ take this to be the point
of the following passage from the Observation on the Second Antinomy
(A439/B467):

For however evident mathematical proofs may be, [the monadists] decline to
recognize that the proofs are based upon insight intc the constitution of space,
insofar as space is in actual fact the formal condition of the possibility of all matter.
They regard them merely as inferences from abstract but arbitrary concepts, and so
as not being applicable to real things."”

What Kant is claiming is that it is immediately certain and evident
{A733/B761), in virtue of our ‘insight into the constitution of space,” that
what Euclid’s postulates assert can be done can indeed be done, thus that
they are true of space. For example, as I suggested earlier, Kant seems to
think that the unboundedness of space guarantees that we can extend a
line indefinitely. In addition, this brings out the importance to this
reading of Kant of the immediacy of intuition, in the sense of what Parsons
describes as ‘phenomenological presence to the mind, as in perception’
(Parsons, “The Transcendental Aesthetic,” 66). It is precisely this pheno-
menological aspect of intuition which, I argued, Friedman does not
account for in his reading of the Metaphysical Exposition. It also plays
an important role in Kant’s theory of geometry in providing a notion of

15 This also seems to support the view that Kant's objection to the Leibruz-Wolff
account of mathematics is philosophical (anti-formalist) and not mathematical
{based on the impossibility of proving theorems with only monadic logic); ¢f. r. 10
above.
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intuitive evidence that explains the immediate certainty of geometrical
knowledge, which, again, Friedman’s account does not capture.

So it seems that while modern formal representations of denseness,
continuity, or indefinite extendibility may perform the inferential role of
constructions, there would still be, for Kant, the question of grounding
these formal representations, of guaranteeing their objective reality.
Otherwise, all that is guaranteed by the appeal to an existence axiom is
that the inference is in accordance with the axioms. To return to our
original example, in a rigorous proof, the existence of the point of
intersection of two circles is ‘guaranteed’ by the continuity axiom. For
Kant, there would still be a role for pure intuition in grounding or
justifying that axiom. This is the sense in which, for Kant, the geometer
expressly grounds the possibility of his task on the original repre-
sentation of space.

Conclusion

In the first part of this paper, I tried to argue against Friedman that it is
the task of the Metaphysical Exposition to provide grounds, inde-
pendent of geometrical concerns, for taking the space in which objects
are given to be as Euclidian geometry describes it: in particular, for the
infinity of space. There, the arguments for the nature of our repre-
sentation of space depended on certain data of experience, which require
that space be an infinite given magnitude. Geometrical knowledge is
then explained as knowledge of that form of intuition which is derived
from the conditions of the possibility of experience. Friedman recognizes
that there remains, on his view, ‘a serious question about Euclid’s
axioms’ (Friedman, 95). As I've tried to suggest in the second part of this
paper, this is at the heart of the matter. For Kant, there is some content
to the axioms, something in virtue of which they are true, and we have
immediate epistemological access to it. On Friedman's view, where
geometry is taken to be a ‘form of rational argument and inference,” the
status of the underlying assumptions is left an open question. Indeed, it
seems to me to be a particularly important question if geometry is to be
taken as the data for Kant’s transcendental method, as Friedman argues
it is. More importantly though, I have suggested that this view of
geomelry as a form of argument and inference is in fact the sort of
formalist view of mathematics which Kant is arguing against. His main
task is to show that mathematical proofs are not merely ‘inferences from
abstract but arbitrary concepts’; he does this by arguing that they are
‘based on insight into the constitution of space.” This task has a modern
analogue in attempts to justify the axioms of set theory by appeal to some
fundamental conception of set or class such as, for example, the iterative
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conception. It is in this way that, as | suggested at the beginning, Kant is
concerned with issues which are of importance independently of the
limits of the logic and geometry of his time; indeed, it could be argued
that these issues have become more pressing with the development of
modern logic, but this is not the place to argue that.'
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16 I am grateful to John Carriero, Janet Folina, Warren Goldfarb, Michael Hallett,
Alison Laywine, Charles Parsons, and two anonymous referees for this journal for
comments on various drafts of this paper, to Peter Clark for making me write it, and
to the Social Sciences and Humanities Research Council of Canada for generous
support of my dectoral studies, during which this paper was written.
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